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Annotation. This article examines the potential and effectiveness of digital resources in teaching one
of the key topics in calculus — the derivative. In modern education, especially in mathematics, traditional
teaching methods often fall short in conveying abstract concepts such as limits, rates of change, and
instantaneous velocity. This study explores how digital tools such as graphing applications (e.g., GeoGebra,
Desmos), video platforms (e.g., Khan Academy, YouTube), and interactive learning systems can enhance
students’ understanding of derivatives. The research is based on practical classroom implementations, teacher
interviews, and student surveys conducted at secondary and university levels. The results indicate that digital
resources improve visualization, engagement, and conceptual clarity, while also supporting differentiated
instruction. The article concludes with practical recommendations for educators on integrating digital tools
into the teaching process to create a more interactive and effective learning environment for calculus topics.
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Introduction. The 21st century has witnessed a rapid evolution in educational practices,
driven by advances in digital technologies. These changes have influenced not only the delivery of
content but also the ways in which students engage with and internalize complex concepts.
Mathematics, traditionally perceived as abstract and challenging, particularly benefits from the
integration of digital tools that can make learning more visual, interactive, and student-centered.

One of the core topics in calculus — the derivative — serves as a gateway to understanding
change, motion, optimization, and many real-world applications across physics, economics,
engineering, and other disciplines. However, for many students, the derivative remains a difficult
concept to grasp due to its abstract nature and symbolic complexity. Traditional teaching methods,
often focused on rote memorization and procedural skills, may not be sufficient to foster deep
conceptual understanding.

Digital resources offer a new pathway for addressing these challenges. Tools such as
dynamic graphing software (e.g., GeoGebra, Desmos), online simulations, educational videos, and
interactive assessment platforms can significantly enhance students’ ability to visualize and explore
mathematical ideas. These resources not only improve understanding but also encourage active
participation and independent learning, aligning well with constructivist learning theories that
emphasize knowledge construction through interaction and discovery.

This article aims to explore how digital resources can be effectively used to teach the topic
of derivatives, drawing on classroom observations, educational research, and practical experiences.
It discusses the types of digital tools available, their pedagogical benefits, and the challenges
educators may face when integrating them into instruction. Ultimately, the goal is to provide
actionable insights for mathematics teachers seeking to enrich their teaching methods and improve
student outcomes through technology.

In the process of teaching mathematics, the teacher helps students form an understanding of
the place of mathematical knowledge within the general system of knowledge in the world. The
education system enables individuals to adapt to changes in modern society. Education helps
students develop perspectives that allow them to adapt to changing conditions and solve current and
future challenges [1].
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The teacher must demonstrate the interconnection between the surrounding world and
mathematics in a way that is accessible to students. To address this methodological issue, the
teacher must have an understanding of mathematics as a science for understanding reality, its
connections with other sciences and fields of practical activity, and the scientific domain of applied
mathematical knowledge. In particular, the development of mathematics in connection with solving
practical problems is of significant importance [2].

Modern society needs individuals who are ready for real life, have an active life position,
can work in teams, and can be quickly retrained in accordance with market and social requirements.
Educational institutions undoubtedly develop these qualities and skills by focusing students'
cognitive activity on practical orientation. As you know, school students' mathematical training
includes theoretical knowledge, as well as applied, practical skills and competencies. According to
Yu.M.Kolyagin, the applied orientation of teaching mathematics involves focusing the content and
methods of teaching mathematics on its use in technology, related sciences, professional activity,
and everyday life [3].

The issues of teaching how to solve practical problems in the process of teaching
mathematics have been studied by domestic researchers such as G.O. Zhetpisbayeva [4], A.
Nugusova [5], A.K. Bekbolganova [6], T.A. Aldibayeva [7], A. Seitova [8], and foreign scholars
such as .M. Shapiro [9], V.V. Firsov [10], N.A. Tereshin [11], among others. Regarding
mathematical modeling, this can be seen in the research of several domestic scholars such as B.R.
Kaskataeva [12], B.Sh. Isimova [13], and foreign researchers such as Yu.B. Melnikov [14], N.Yu.
Salmina [15], and others.

Materials and methods. This research was carried out over the course of one academic
semester and involved both high school and first-year university students studying introductory
calculus. The purpose was to explore how the integration of digital resources affects students’
understanding of the derivative concept. A total of 87 students participated — 56 from secondary
school and 31 from the university level — along with three mathematics teachers with over five
years of teaching experience.

A total of 87 students participated — 56 from secondary school and 31 from the university
level — along with three mathematics teachers with over five years of teaching experience.

Participant Distribution

Figure 1 — Participant Composition Diagram

Several digital tools were employed throughout the study to support both instruction and
assessment. GeoGebra and Desmos were used for dynamic visualization of functions and their
derivatives, enabling students to interact with graphs and observe real-time changes in slopes and
curvature [16][17]. Video tutorials from platforms like Khan Academy and YouTube provided
supplementary explanations that allowed for self-paced review of derivative concepts [18].
Assessment and feedback tools, including Google Forms, Kahoot!, and Quizizz, were utilized to
monitor student understanding and provide instant feedback [19]. Microsoft Teams and Google
Classroom served as platforms for resource distribution, communication, and homework
submission [20].
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A blended learning approach was adopted, combining traditional face-to-face instruction
with digital enrichment. Lessons typically began with visual demonstrations using graphing tools,
followed by conceptual explanation with the aid of video content. Students then engaged in practice
activities on digital platforms, receiving immediate feedback on their performance. Teachers
facilitated reflective discussion sessions to reinforce key concepts and encourage critical thinking,
often using collaborative tools such as digital whiteboards and shared documents [21].

To evaluate the impact of digital tools, data were collected using a mixed-methods approach.
Quantitative data were obtained from pre- and post-tests designed to assess conceptual
understanding. Qualitative data came from student surveys and teacher interviews, which gathered
insights into attitudes, engagement, and perceived effectiveness. Classroom observations were also
conducted to assess student interaction with digital tools and their level of participation.

Data analysis involved descriptive statistics to identify trends in test performance and
engagement, while qualitative responses were thematically coded to extract recurring themes and
insights [22]. The triangulation of multiple data sources provided a reliable and nuanced
understanding of the role digital resources play in the teaching and learning of derivatives.

Results and Discussion.A survey was conducted to determine the level of students' ability
to solve practical problems in the school algebra and elementary analysis course. The results of the
survey are as follows: in response to the question "How have you applied mathematics in real life?"
55% of students stated that they used mathematics only in financial matters, 28% mentioned using
it in household situations for various measurements and related calculations, while 17% of the
respondents answered "I don't know" (Figure 2).

How do you use mathematics in real life?
60%

50%
40%
30%

20%

0%

Only for financial For other measurements  Unable to answer
matters and calculations as well

Figure 2 — Survey results aimed at identifying the ability to work with practical word problems

The findings of the study revealed a notable improvement in students’ understanding of the
derivative concept following the integration of digital tools into instruction. Comparative analysis
of pre- and post-test scores indicated that high school students demonstrated an average
improvement of 22%, while first-year university students improved by 17%. These results suggest
that the use of digital resources contributed positively to learning outcomes across both educational
levels.

Digital graphing tools such as GeoGebra and Desmos played a key role in helping students
grasp the relationship between functions and their derivatives. These platforms enabled dynamic
visualization of mathematical concepts, allowing students to interact with graphs and observe how
changes in input affect slope and curvature in real time (Hohenwarter& Jones, 2007; Desmos
Classroom Activities, n.d.) [16][17]. This interactivity made abstract calculus ideas more tangible
and facilitated a deeper conceptual understanding.
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Using GeoGebra to Learn Derivatives: Step-by-Step

Step 1: Open GeoGebra
Go to the official GeoGebra Graphing Calculator:
https://www.geogebra.org/graphing

Step 2: Enter the Function
In the input bar at the bottom, type the function you want to analyze.
Example:f(x) = x% + 3x

= GeoGebra Tpatrueckuil KanbikKynATop ) < IEZER oo

=]

=]

Step 3: Find the Derivative
To display the derivative graphically, type:

GeaGebfpapuiecknit kKanbkynaTop < EER o
n

@

GeoGebra will plot the graph of the derivative function, e.g., f'(x) = 2x + 3.

Step 4: Evaluate the Derivative at a Point
Choose a specific x-value, for example, x = 1.
In the input bar, type:

2]

This returns the slope of the tangent line at that point.
Create a point:
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https://www.geogebra.org/graphing

[ ]

Then draw the tangent line:

Tangent,
a4

f(x) = 2® + 3w
2

2 2 -1 0 1 2 3 4
A — ()

Student feedback also reflected a high level of engagement and satisfaction with the use of
video tutorials. Many reported that platforms like Khan Academy and YouTube enabled them to
review material at their own pace, which enhanced their understanding and confidence (ERIC, n.d.)
[18]. Teachers observed increased student participation during lessons and highlighted that digital
tools allowed for greater differentiation and more opportunities to support individual learners.

The use of gamified assessment tools such as Kahoot!,Quizizz, and Google Forms
contributed to student motivation and provided immediate feedback, enhancing both engagement
and comprehension (Liu, Toprac, & Yuen, 2009) [19]. Microsoft Teams and Google Classroom
facilitated communication and homework submission, supporting a more structured and accessible
learning environment (Trust & Whalen, 2020) [20].

Problem 1. It is required to cut a rectangular beam from a circular log in such a way that the
waste is minimized.

Solution.

Step 1. Let the radius of the log be denoted by R. The amount of waste is determined by the
area of the portion of the log not included in the rectangular beam. Therefore, we can reformulate
the problem as follows: we need to inscribe a rectangle inside a circle of radius R such that the area
of the rectangle is maximized.

Ifxand yare the sides of the rectangle, and Sis its area, thenS=x-y
If the rectangle is inscribed in the circle, then:

x* +y% = 4R? (1)
Thus,
S(x) =x X V4R? — x2,x > 0. ()
Now we find the derivative S'(x):
' 4R%-2x?
$'0) = G (3)
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The derivative becomes zero at the point x = v2R. To analyze whether this is an extremum
point, we take the second derivative and determine its sign at the critical point:

_ —12RZ%x+2x3

S"(x) - (4R2—x2)3/2 (4)
S'"(W2R) <0 (5)
Hence, the function reaches its maximum at the critical point.

Step 3. If x = v/2R., then y = V2R, which means the inscribed rectangle is a square.
That is, if we cut a square cross-section beam from a circular log, the waste will be minimized (see
Figure 3).

Figure 3 — Illustration in the GeoGebra interactive software

While completing this task, students use the GeoGebra software to visualize the 3D version
of the diagram, observing how a rectangular prism is cut from a cylindrical log. By using
GeoGebra, the problem is explored visually, allowing students to examine the spatial figure from
different angles. This enables analysis based on perspectives that are not easily observable when
drawn on a regular board or in a notebook. Additionally, explanatory work is carried out to
highlight the requirements for constructing such figures. In particular, students analyze from which
angle the figure appears most clearly and comprehensively.

At the end of the experiment, after completing the topic on derivatives, students were given
a follow-up survey. During the survey, students showed great interest and expressed a positive
attitude toward the question of whether using GeoGebra in lessons is effective. The survey included
questions such as whether it is necessary to use GeoGebra in class and whether learning with the
help of this software makes lessons more engaging and useful. According to the students, using
GeoGebra helps them understand the reasons behind errors made when drawing function graphs or
geometric figures on the board or in their notebooks.

To what extent is using interactive GeoGebra
necessary, interesting and useful in lessons

useful 33.87%
interesting 38.71%
necessary 27.42%

this software 5
is not needed 0.00%

0% 10%  20%  40%

Figure 4 — Students’ opinions on using GeoGebra software in teaching lessons

Classroom observations confirmed that the integration of digital resources fostered a more
interactive and student-centered learning environment. Learners were more likely to ask questions,
collaborate with peers, and actively engage in discussions. These practices are in line with the
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principles of blended learning, which combines traditional teaching methods with digital
enhancement to promote active learning and critical thinking (Garrison &Kanuka, 2004) [21].

Some challenges were noted, such as limited access to devices or unstable internet
connections, which occasionally hindered participation. Nevertheless, triangulation of data from
tests, surveys, interviews, and observations provided a well-rounded understanding of how digital
tools influenced the learning process (Creswell & Plano Clark, 2018) [22].

Overall, the results demonstrate that incorporating digital tools into calculus instruction—
particularly when teaching the concept of derivatives—can enhance student engagement and deepen
conceptual understanding. Nonetheless, to ensure sustained effectiveness, ongoing teacher training
and equitable access to technology remain essential.

Conclusion.This study highlights the significant benefits of integrating digital resources into
the teaching of calculus, specifically the concept of derivatives. Through the use of dynamic
visualization tools such as GeoGebra and Desmos, students were able to engage with mathematical
content in an interactive and intuitive manner. These tools enabled learners to visualize and
manipulate functions, which facilitated a better conceptual understanding of derivatives as rates of
change and slopes of tangent lines.

Supplementing classroom instruction with video tutorials from platforms like Khan
Academy and YouTube further supported individualized learning. Students could review
challenging topics at their own pace, reinforcing classroom material and promoting independent
study habits. Assessment platforms such as Kahoot!, Quizizz, and Google Forms provided
immediate feedback and helped track student progress, which is essential for formative assessment
and timely intervention.

The findings indicate that digital tools do not merely serve as add-ons to traditional
instruction but can transform the learning environment into a more student-centered, engaging, and
effective space. Improved test scores and positive student attitudes support the conclusion that
technology-enhanced instruction can significantly improve learning outcomes in mathematics
education. From the early stages of teaching the school mathematics curriculum, introducing the
concepts of models and modeling, as well as forming basic mathematical modeling skills, plays an
important role in the holistic development of the individual. The concept of a mathematical model
and some general principles associated with it should be consistently reinforced throughout the
entire course of study. Thus, teaching mathematical modeling through solving geometrical and
physical problems that lead to the application of derivatives not only helps students master the key
elements of this method, but also contributes to the deepening and consolidation of their
knowledge. This, in turn, leads to meaningful, profound, and lasting understanding rather than
merely formal knowledge.

Visualization of information in mathematics lessons is an integral part of the teaching
process. With the help of visualization, teachers can demonstrate aspects of the material that are
usually difficult to explain using conventional methods. For students, the perception of visual
information presents a significant advantage. However, successful implementation requires careful
planning. Challenges such as unequal access to devices and internet connectivity must be addressed
to ensure equitable learning opportunities. Moreover, teachers need continuous professional
development to confidently and effectively use digital tools in their teaching practice.

In conclusion, the effective use of digital resources in teaching the derivative can bridge
gaps in understanding, accommodate diverse learning styles, and foster deeper engagement with
mathematical concepts. As technology continues to evolve, its thoughtful integration into
mathematics education offers promising pathways for enhancing both teaching and learning.
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«TYBIH/IbI» TAKBIPBIBbIH OKBITYIATBI IUPPIIBIK PECYPCTAPIBI THIM/I
IMAUJAJAHYIBIH 9JIEYETI MEH TUIMALJIIT'T

JpriikanoBa A. T., ¢pusruka-MaTeMaTUKa FhUIBIMAAPBIHBIH KAHTUAATHI, JOIESHT
Enmioex A. M., meqarormuka FeUIBIMIAPBIHBIH MarucTpi

KU Cxpsabun amvinoazol Keipeoiz ynmmeix acpapnvix ynusepcumemi (K¥AY), biwkex, Kvipevizcmarn

Angarna. byn makanama MaTeMaTHKaNbIK TaJgayAblH HETI3rl TapaylapblHBIH Oipi — TYBIHIBIHBI
OKBITYa IUQPIBIK PECYpPCTapAbl KOMAAHYIABIH MYMKIHIIKTEPI MEH THIMAUIT KapacThipbuiansl. Kasipri
3aMaHFbl MaTeMaTHKa OLTIMIHIE AOCTYPIi OKBITY SICTepi IIEK, e3repic XKbUIAaMIBIFBI KoHEe Oip ME3eTTiK
KBUITAMJBIK, CHUSKTBI a0CTPaKT YFBIMIAPABI TYCIHAIpYAE Ui KETKUTKci3 OonbIm karafsl. bym 3eprreyne
rpadukansik Koceimmanap (Meicansl, GeoGebra, Desmos), Oeitneruardopmanap (Mbeicansl, Khan Academy,
YouTube) >koHE MHTEPaKTHBTI OKBITY >XyHenepi CHAKTHI HUQPIBIK KypalJapAblH TYBIHIBI TaKbIPHIOBIH
MEHrepyre Kajail BIKHajl eTeTiHi 3epTTelniefli. 3epTTey KYMBICHI MEKTEIl JKOHE YKOFaphl OKY OPBIHAAPBIHIA
KYPri3UIeH TPaKTHKAJBIK cabakTap, MyFaliMICpMEH cyx0aTTap MEH CTYIASHTTEpPre Kypri3ijareH
cayajHaManap HeriziHzme kacanran. HoTwxkenep IUQPIBIK pecypcTaplblH BU3yalH3alUsSHbI, KbI3BIFYIIbI-
JBIKTHI JKOHE YFBIMIBIK TYCIHIKTI apTTBIPBIN, CapajaHFaH OKBITYAbl KOJIAHTHIHBIH Kepcereni. Makanana
€cen TaKBIPBINTAPhIH OKBITYAa HUQPIBIK Kypangapasl THIMAI TaijanaHyFa apHaIFaH IPaKTHUKAJIBIK
YCBIHBICTAp OepiireH.

Tipek ce3aep: TysIHAB, IHGPIBIK pecypcTap, MaTeMaTHka OigiM Oepy, MaTeMaTHKaJbIK Tajjay,
BH3yaJIN3allvsl, WHTEPAKTUBTI OKBITY, OUTiM Oepy TexHojoruscel, GeoGebra, OKyIIBUIAPABIH KBI3BIFYIIIBI-
JIBIFBI, OKBITY 9JIICTEPI.

HOTEHIMAJI 1 SOPEKTUBHOCTDb UCITOJb30BAHUA IUPPOBLIX PECYPCOB ITPU
OBYYEHUHU TEME «ITPOU3BO/IHA 5I»

JpriitkanoBa A. T., kaHaunaT GU3NKO-MaTeMaTHIECKUX HAYK, TOIIEHT
Enmmbex A. M., MarucTp ne1arorudeckux Hayk

Kuipevizckuii nayuonanvhusiii acpapuviii ynusepcumem um. K.U. Cxpaouna (KHAY), o. Buwxex, Kvipevizcman

AnnoTauus. B ganHOH crarbe paccMarpuBaroOTCs NOTCHIUAT U 3()(EKTHBHOCTH HCIIOIH30BAHUS
IUQPPOBBIX PECYPCOB MPH O0YYEHUH OJHOW M3 KIIFOYEBBIX TEM MATeMaTH4ecKOro aHalln3a — MPOU3BOTHOM.
B coBpemeHnHOM 00pa3oBaHUM, OCOOEHHO B TPEIIOAaBaHUN MAaTEeMATHUKH, TPaIUIUOHHBIE METO/IbI 00yYEeHUs
3a4acTyI0 OKa3bIBAIOTCS HEIOCTATOYHO 3()(PEKTUBHBIMU ISl OOBSCHEHHS a0CTPAKTHBIX MOHATHH, TAKUX KakK
Mpeziesibl, CKOPOCTh M3MEHEHHsI 1 MTHOBEHHAsI CKOPOCTh. B WMccienoBaHny aHanu3upyeTcs, Kak udpoBbie
WHCTPYMEHTHI, Takue Kak rpaduueckue npwioxenus (Hampumep, GeoGebra, Desmos), Buaeomiargopmel
(manpumep, KhanAcademy, YouTube) u uHTEpakTUBHBIE O0Yy4alOLIMe CHCTEMBI, CIIOCOOCTBYIOT JIyUIIEMY
MOHUMAaHHUIO TEMBI TIPOU3BOJHON ydaniumucs. PaboTa ocHOBaHAa Ha MPaKTHYECKOM NMPHUMEHEHHWH B Kiacce,
WHTEPBBIO C TPENO/IaBaTelsIMU U ONPOCcaxX CTY/IEHTOB HA YPOBHE CpPEeJHEH M BBICIICH HIKOJIBL Pe3ynbrars
MOKAa3bIBAIOT, YTO LHU(POBBIE PECYpPChl CHOCOOCTBYIOT YIYYIIEHHIO BHU3YaJIW3aLMH, BOBJICUEHHOCTH H
SICHOCTH TIOHUMAaHUS KOHIICTIIWH, a TaKkKe TOMJIepKUBAIOT MU PepeHIIMPOBAHHBINA TT0AX0 B 00y4yeHun. B
3aKIFOUEHHE TPE/ICTABICHBI TMPAKTHYSCKHE PEKOMEHJIAIMK JIJISl TEJAaroroB IO WHTErpaliu UPPOBBIX
WHCTPYMEHTOB B Y4YeOHBIH Ipolecc ¢ WENbl0 CO3[aHusl Oojiee HMHTEPAaKTUBHOM M 3¢ QeKTHBHON
00pa3oBaTeNbHON cpelibl IPH U3yUYEHUH TEM MaTeMaTHYECKOTO aHaIu3a.

KiroueBble  cii0Ba: mpows3BomHAsA, IM(POBBIE  pecypchl, MareMaTndeckoe oOpa3oBaHUeE,
MaTeMaTUYeCKUi aHaju3, BU3yajH3allusi, HWHTEPaKTHBHOE oOydeHHe, oOpa3oBaTeibHbIE TEXHOJIOTHH,
GeoGebra, BOBIEUEHHOCTD CTYIEHTOB, METObI IIPETIOIABAHMS.
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